Let G = (V (G), E(G)) be a simple strongly connected digraph and q(G) be the signless Laplacian spectral radius of G. For any vertex v i ∈ V (G), let d 
Introduction
Let G be a finite simple digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n } and arc set E(G). Two vertices are called adjacent if they are connected by an arc. For e = (v i , v j ) ∈ E(G), v i is called to be adjacent to v j by an out-arc and v j is called to be adjacent to v i by an in-arc. For any vertex v i ∈ V (G), N 
be the average 2-outdegree of the vertex v i . A digraph is simple if it has no loops and multiarcs. A digraph is strongly connected if for every pair of vertices v i , v j ∈ V (G), there exists a directed path from v i to v j . A digraph is a bipartite semiregular digraph if it is a strongly connected digraph whose vertex set can be partitioned into two subsets S and T , such that each arc has one end in S and one end in T , all vertices in S have the same outdegree, and all vertices in T have the same outdegree.
For a digraph G, we assume that the vertices are ordered such that d
denote the adjacency matrix of G, where a ij is equal to the number of arcs
n ) be the diagonal matrix with outdegrees of the vertices of G and Q(G) = D(G) + A(G) the signless Laplacian matrix of G. The spectral radius of Q(G), i.e., the largest modulus of the eigenvalues of Q(G), is called the signless Laplacian spectral radius of G, denoted by q(G). It follows from Perron Frobenius Theorem that q(G) is an eigenvalue of Q(G), and there is a positive unit eigenvector corresponding to q(G) when G is a strongly connected digraph. Therefore, throughout this paper, we only consider finite simple strongly connected digraphs.
There are a lot of results on the (signless) Laplacian spectral radius of an undirected graph, see [3-7, 9, 13-15, 17] and so on. Recently, some lower or upper bounds for the spectral radius of a digraph are given in [2, 8, 16] , and some lower or upper bounds for the signless Laplacian spectral radius of a digraph can be found in [1, 10] .
In 2014, Lang and Wang [12] presented the following bounds for the signless Laplacian spectral radius of a digraph.
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In this paper, we investigate the signless Laplacian spectral radius of a strongly connected digraph G. We obtain some upper bounds for q(G), and we also characterize the digraphs which achieve the upper bounds for the signless Laplacian spectral radius q(G) of a strongly connected digraph G. Finally, we give an example to compare those upper bounds.
Lemmas and Results

Lemma 1 ([11]
). Let M = (m ij ) be an n × n nonnegative matrix with spectral radius ρ(M ) and let R i = R i (M ) be the i-th row sum of M , i.e.,
Moreover, if M is irreducible, then any equality holds in (4) if and only if
Lemma 2 ([11]
). Let M be an irreducible nonnegative matrix. Then ρ(M ) is an eigenvalue of M and there is a positive vector X such that M X = ρ(M )X.
Lemma 3. Let G be a strongly connected digraph with vertex set
n holds if and only if G is a regular digraph or a bipartite semiregular digraph.
Proof. If G is a regular digraph or a bipartite semiregular digraph, then d
Assume that G is not regular. We will show that G is a bipartite semiregular digraph.
As G is strongly connected and not regular , then G contains an arc (u, v)
which yields a contradiction. So all out-neighbors of u have the same outdegree d + v . Consider now the vertex v. If one of its out-neighbors has outdegree greater than δ + , then
, also a contradiction. So all out-neighbors of v have the same outdegree δ + .
Repeating the above discussion on an out-neighbor of v with outdegree δ + and so on, as G is strongly connected, we get that G has only two distinct outdegrees δ + , d + v , and each arc joins two vertices with outdegrees δ + , d + v respectively. We have a bipartition of the vertex set V (G) = S ∪ T , where S (respectively, T ) consists of vertices with outdegree δ + (respectively, d + v ). Any two vertices in S or T are not adjacent by an arc, as each arc joins two vertices with distinct outdegrees. So G is bipartite semiregular.
Lemma 4. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n }, and X = (x 1 , x 2 , . . . , x n ) T be a positive eigenvector corresponding to the eigenvalue q(G) of Q(G). If x i is the largest eigencomponent, then the outdegree of v i is greater than or equal to
Proof. Since X = (x 1 , x 2 , . . . , x n ) T is an eigenvector corresponding to the eigen-
, then the vertex corresponding to the largest eigencomponent is the largest outdegree vertex.
Proof. From Lemma 4 we get d
. Then we deduce d
, then (i) the vertices respectively corresponding to the second largest and the largest eigencomponents are adjacent by an out-arc, where the latter vertex is the head and the former is the tail,
(ii) the second largest eigencomponent is greater than or equal to
is the largest eigencomponent.
Proof. Let X = (x 1 , x 2 , . . . , x n ) T be a positive eigenvector corresponding to the eigenvalue q(G) of Q(G), x i and x j be the largest and the second largest eigencomponents, respectively. Note that Q(G)X = q(G)X.
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(i) Assume to the contrary that (v j , v i ) / ∈ E(G). We have
which is a contradiction because d
By Corollary 5,
Theorem 7. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n }, and d Proof. If G is a star digraph
. We will show that G is a star digraph
Let X = (x 1 , x 2 , . . . , x n ) T be a positive eigenvector corresponding to the eigenvalue q(G) of Q(G), x 1 and x j be the largest and the second largest eigencomponent, respectively. We have 
Since x j is the second largest eigencomponent, we have
Because x j is the second largest eigencomponent, by Lemma 6(i), we have (
By the previous discussion, we know that G contains a star digraph centered at v 1 . If d + 1 = n − 1, v 1 must have an out-neighbor, say u, which is adjacent to a vertex outside the star digraph by an out-arc, as G is strongly connected. Then d + u ≥ 2, which yields a contradiction. Therefore, d
Remark 8. From [1], we have that q(G) ≤ max{d
But the extremal digraph which achieve the upper bound was not determined. Here we characterize this extreme digraph.
Let R + denote the set of real positive numbers. We have the following theorem.
Theorem 9. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n }. Then
. Moreover, the equality holds if and only if d
Proof. From Lemma 2, there exists an positive eigenvector X = (x 1 , x 2 , . . . , b n ). We assume that one eigencomponent x i is equal to 1 and the other eigencomponents are less than or equal to 1, that is, x i = 1 and 0
That is
And (7) q(G)
Multiplying both sides of (6) by q(G), then replacing q(G)x j with (7), we get
From the above the bound (5) follows. Now suppose that the equality holds in (5) . Then all inequalities in the above argument must be equalities. From equality in (8), we get x j = 1 for all j such that (v i , v j ) ∈ E(G) and x k = 1 for all k such that (v i , v j ) ∈ E(G) and (v j , v k ) ∈ E(G). Since G is a strongly connected digraph, from this one can easily show that x j = 1 for all v j ∈ V (G). Thus we have d
, which is the spectral radius of B −1 Q(G)B and Q(G) by Lemma 1. Thus the equality holds.
Corollary 10. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n }. Then
Moreover, the equality holds if and only if G is a regular digraph.
Proof. Taking b i = 1 in (5), the result follows.
Corollary 11. Let G be a strongly connected digraph with vertex set
Moreover, the equality holds if and only if G is a regular digraph or a bipartite semiregular digraph. Let Ω be the class of digraphs P = (V (P ), E(P )) such that P is a strongly connected digraph with V (P ) = {1} ∪ V 1 , d
The spectral radius of the signless Laplacian matrix of P ∈ Ω is given by
Now we give another upper bound on the spectral radius of the signless Laplacian matrix of digraphs.
Theorem 12. Let G be a strongly connected digraph with vertex set V (G) = {v 1 , v 2 , . . . , v n }, arc set E(G), the maximum vertex outdegree ∆ + , the second maximum outdegree ∆ + 2 and the minimum outdegree δ + . Then q(G) is less than or equal to (11) max
If the equality in (11) holds, then G is a regular digraph or G ∈ Ω.
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Proof. Let X = (x 1 , x 2 , . . . , x n ) T be a positive eigenvector of Q(G) corresponding to the eigenvalue q(G). We assume that one eigencomponent x i is equal to 1 and the other eigencomponents are less than or equal to 1, that is, x i = 1 and 0 < x k ≤ 1, for all k. Also let x j = max k:k =i x k . As previously,
From the i-th equation of (12), we have
From the j-th equation of (12), we have
x j , and hence (14) (q(G) − 2d
From (13) and (14), we get
. The first part of the proof is done. Now suppose that equality holds in (11) . Then all inequalities in the above argument must be equalities. In particular, from (13) we get
By (14), we get that there exists an out-neighbor w of v j with x w = 1 = x i , and for any other out-neighbor
, as G is strongly connected. Thus we have x q < x j as x j is the second maximum eigencomponent. For v p ∈ V (G), from above, we must have x q = x j , a contradiction. Thus
Hence G is a regular digraph.
Otherwise, x j < 1. By the above observation, all vertices with eigencomponent x j have the vertex v i as an out-neighbor, which implies that d 
Example
Let G 1 , G 2 and G 3 be the digraphs of orders 4, 5 and 5, respectively, as shown in the following figure.
Sharp Upper Bounds on the Signless Laplacian Spectral Radius...987 (10) is the best in all known upper bounds for G 1 , and the bound (1) is the second-best bound for G 1 . Bounds (1) and (10) are the best for G 2 , and the bound (3) is the second-best bound for G 2 . However, the bounds (3) and (11) are the best for G 3 , and the bounds (1) and (10) are the second-best bounds for G 3 . In general, these bounds are incomparable.
